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Orbits of particles and black hole thermodynamics in a spacetime with torsion
S. Gharibi Nodijeh,∗ S. Akhshabi,† and F. Khajenabi‡
Department of Physics, Faculty of Sciences, Golestan University
Gorgan, IRAN
We derive the static spherically symmetric vacuum solution for a spacetime with non-vanishing
torsion by solving the field equations analytically. The effects of torsion appear as a single parameter
in the line element. For the positive values of this parameter, the resulting line element is found to
be of the Reissner-Nordstrom type. This parameter is related to the spin of matter and acts as a
torsion ’charge’ much like the electric charge in conventional Reissner-Nordstrom geometry. We also
analyze the existence and stability of the orbits for both massless and massive particles in this setup
and compare the results to the corresponding case in general relativity. We also derive the first law
of black hole thermodynamics for a black hole with torsion and define the black hole temperature
and entropy in terms of its mass and torsion charge.
PACS numbers: 04.70.-s, 04.50.Kd, 04.70.Dy
I. INTRODUCTION
The first hint that black holes may behave as thermo-
dynamical systems came from Bekenstein [1, 2, 3, 4]. He
suggested that a black hole may have an entropy pro-
portional to its surface area, however he was not able
to determine the exact relation. A little later, Bardeen,
Carter, and Hawking discovered that there is analogy be-
tween the laws of black hole mechanics and four laws of
classical thermodynamics, but with certain limitations,
as in order for the laws of black hole mechanics to be
true thermodynamical equations, black holes ought to
have non-zero temperatures. This was thought to be
impossible at the time because black holes could only
absorb and not emit particles and radiation [5]. This
conundrum was solved when by applying quantum field
theory to black holes, Hawking realized that they indeed
emit thermal radiation and as a result have a non-zero
temperature related to their surface gravity κ by the re-
lation T = κ2pi , [6, 7]. This discovery led to the famous
Hawking - Bekenstein formula for the black hole Entropy
Σ = A4 , where A is the surface area of the event horizon
(In the above and subsequent relations we use Planck
units ~ = c = G = 4πǫ0 = 1). This relation has profound
theoretical implications, as it relates quantum mechani-
cal effects through the entropy to gravity and can lead
us to the ultimate quantum theory of gravity.
On the other hand, torsion appears naturally in many
proposed theories of quantum gravity [8, 9, 10, 11]. More
specifically the low energy effective Lagrangian of string
theory has shown to be equivalent to a Brans-Dicke gen-
eralization of a metric theory of gravity with torsion
[12, 13]. It is Also well known that the corresponding
field strength of the Kalb-Ramond field in string theory
can act like a torsion field in the background geometry
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[14]. The Kalb-Ramond field also appears in noncommu-
tative field theory [15] where the presence of torsion is
also established [16].
By the above arguments, studying the black hole ther-
modynamics in the presence of torsion seems to be a
matter of interest when one wants to look for quantum
effects in gravity. There are several important previ-
ous works in this subject. In [17] the role of torsion
in three-dimensional quantum gravity is investigated by
studying the partition function of the Euclidean theory
in Riemann-Cartan spacetime. In [18], the formalism
of spacetime thermodynamics was extended to Einstein-
Cartan theory of gravity. In [19] it has been shown
that the presence of spacetime torsion does not affect
the entropy-area relation. In the present paper we study
orbits of particles around a black hole and black hole
thermodynamics in gauge theories of gravity were torsion
is present. These theories are of a great importance from
a field theoretical point of view as they involve localiza-
tion of spacetime symmetries, much like the localization
scheme of internal symmetries present in the standard
model of particle physics. Gauge theories of gravity typ-
ically involve spin of particles in the gravitational inter-
actions and as a result may provide a convenient way to
study some quantum effect on gravitational phenomena,
specially at high energies.
The most general gauge theories of gravity are
equipped with a metric and a general linear connection
and are usually called ’metric-affine’ theories of gravity
and are described by a (L4, g) space. If we introduce
the metricity condition in these theories, we will get the
Riemann-Cartan space U4 and the resulting theory is
called the Poincare´ gauge theory of gravity (PGT) which
applies the localization scheme to the global Poincare´
group of transformations [20, 21]. The dynamical vari-
ables in this theory are tetrad and spin connection fields
and the associated field strengths are curvature and tor-
sion tensors, which are coupled to energy-momentum and
spin-density tensors respectively. There are several im-
portant special cases of PGT, namely General relativity
(vanishing torsion), teleparallel theory (vanishing curva-
2ture) and Einstein-Cartan theory where the Lagrangian
is set to be equal to the Einstein-Hilbert Lagrangian of
general relativity. Einstein-Cartan theory offers the sim-
plest generalization of general relativity and has been
studied extensively in literature [22]. In this case the
torsion is completely determined by the spin density ten-
sor and can not propagate [23]. However, propagating
torsion modes can be present in Poincare´ gauge theory
of gravity with general quadratic Lagrangian [24].
In this paper we study black hole thermodynamics and
particle orbits in Poincare´ gauge theory of gravity. The
organization of the paper is as follows: In section II, we
briefly review the gauge theories of gravity with torsion
and present the main equations for Poincare´ gauge theory
of gravity. In section III, static spherically symmetric
solutions to the Poincare´ field equations was derived. In
section IV, the effective potential and orbits of particles
in a static spherically symmetric spacetime with torsion
is studied for photons and massive particles. Section V
devotes to black hole thermodynamics in the presence of
torsion. Finally a brief review and discussion of the main
results is given in the conclusion.
II. GAUGE THEORIES OF GRAVITY WITH
TORSION
In PGT the gravitational field is described by both
curvature and torsion tensors. These in turn can be ex-
pressed in terms of tetrad and spin connection as
Rµν i
j = 2
(
∂[µTν]i
j + Γ[µ|k
jΓ|ν]i
k
)
Tµν
i = 2
(
∂[µeν]
i + Γ[µ|j
ie|ν]
j
)
, Tµ = Tµν
ν (1)
where eiµ is the tetrad field and
gµν = ηije
i
µe
j
ν , (2)
is the spacetime metric. The spin connection is related
to the usual holonomic connection by the relation
Γ νiµ = e
j
µe
ν
k Γ
k
ij + e
j
µ∂ie
ν
j (3)
Here the Greek indices refer to holonomic coordinate
bases and the Latin indices refer to the Local Lorentz
frame. The most general Lagrangian of the theory is a
quadratic function built by irreducible decompositions of
curvature and torsion. Here we assume a Lagrangian in
the form
Lg = −a0
2
R+
b
24
R2+
a1
8
(
TνσµT
νσµ+2TνσµT
µσν−4TµT µ
)
(4)
Where a0, a1 and b are coupling constants and R is
the Ricci scalar. The field equations then is given by the
variation of the Lagrangian with respect to the tetrad
and spin connection fields and have the general form [25]
∇νHµνi − E µi = T µi , (5)
∇νH µνij − E µij = S µij , (6)
where
H
µν
i :=
∂eLG
∂∂νeiµ
= 2
∂eLG
∂Tνµi
, (7)
Hij
µν :=
∂eLG
∂∂νΓ
ij
µ
= 2
∂eLg
∂Rνµij
, (8)
and
Ei
µ := eµieLG − TiνjHjνµ −RiνjkHjkνµ, (9)
Eij
µ := H[ij]
µ. (10)
The source terms here are energy-momentum and spin
density tensors respectively and are defined by
Tiµ := ∂eLM
∂eµi
, (11)
Sij
µ :=
∂eLM
∂Γµij
, (12)
where LM is the matter Lagrangian and e is the deter-
minant of the tetrad.
III. SOLVING FIELD EQUATIONS
First we derive the static spherically symmetric vac-
uum solutions to the Poincare´ field equations. This solu-
tion would describe the spacetime outside a static spheri-
cally symmetric black hole with torsion. The correspond-
ing solution in general relativity is the Schwarzschild met-
ric. For a Lagrangian in the form of (4), the explicit form
of the field equations are [25]
∇¯µR+ 2
3
(
R+
6µ
b
)
Tµ = 0 (13)
a0
(
R¯µν − 1
2
gµνR¯
)
− b
6
R
(
R(µν) −
1
4
gµνR
)
−2µ
3
(
∇¯(µTν)−gµν∇¯ρT ρ
)
−µ
9
(
2TµTν+gµνTρT
ρ
)
= −τµν
(14)
Where µ := a1 − a0, R¯µν and R¯ are the Riemannian
Ricci tensor and scalar respectively and ∇¯ is the covariant
3derivative with respect to the Levi-Civita connection of
GR. For black holes, the most general static line element
with desired symmetries is
ds2 = −eν(r)dt2+e−ν(r)dr2+r2dθ2+r2 sin2(θ)dφ2 (15)
In PGT , torsion must also satisfy the Killing equation
LξT
ρ
µν = 0 where Lξ is the Lie derivative in the direction
of ξ. By using this condition, the explicit form of the tor-
sion tensor for a static spherically symmetric spacetime
can be written as [26, 27, 28]
T ttr = −T trt = a(r) , T rθφ = −T rφθ = k(r) sin(θ)eν(r)
T rtr = −T rrt = a(r)eν(r) , T tθφ = −T tφθ = k(r) sin(θ)
T φtθ = −T φθt = h(r)e
ν(r)
sin(θ)
, T θrφ = −T θφr = h(r) sin(θ)
T φθr = −T φrθ = h(r)
sin(θ)
, T θφt = −T θtφ = h(r) sin(θ)eν(r)
T θθt = −T θtθ = T φφt = −T φtφ = g(r)eν(r)
T θrθ = −T θθr = T φrφ = −T φφr = g(r) (16)
where a(r), k(r), h(r) and g(r) are four unknown func-
tions. Using (15), (16) and the field equations (13) and
(14), we get the following differential equations
ν′(r)
[(
4g(r)− 2a(r)− ν′(r) − 4
r
)
ν′(r)
+
1
r
(2
r
− 4a(r) + 8g(r)
)
− 4a′(r) + 8g′(r) − 3ν′′(r)
]
+2
(
2g(r)− a(r) − 2
r
)
ν′′(r)
+
4
r
[
2g′(r) − a′(r) + 1
r
(
a(r)− 2g(r)
)
+
4
r3
(
1− e−ν(r)
)
− ν′′′(r) − 2a′′(r) + 4g′′(r)
]
= 0 (17)
a0
(
rν′(r) + 1− e−ν(r)
)
+
1
24r4
{
beν(r)
[(
4g(r)− 2a(r)− ν′(r) − 4
r
)
r2ν′(r)
+r2
(
− 2a′(r) + 4g′(r)− ν′′(r) + 8
r
g(r) − 4
r
a(r)
)
−2 + 2e−ν(r)
]
×
[(
ν′(r) + 2a(r)
)
r4ν′(r)
+r4
(
4g′(r)+ν′′(r)+2a′(r)−8g(r)a(r)+ 8
r
g(r)+
4
r
a(r)
)
+r2
(
4h(r)k(r) − 2 + 2e−ν(r)
)
+ 2k(r)
2
]}
= 0 (18)
[(
4g(r)− 2a(r)− ν′(r) − 4
r
)
ν′(r) − 2a′(r) + 4g′(r)
−ν′′(r) + 8
r
g(r) − 4
r
a(r) − 2
r2
(
1− e−ν(r)
)]
×
[
2g′(r) − 4g(r)a(r) + 2
r
(
a(r) + g(r)
)
+
k(r)
r2
(k(r)
r2
+ 2h(r)
)]
= 0 (19)
a0
(
rν′(r) + 1− e−ν(r)
)
+
1
24r4
{
beν(r)
[(
4g(r)− 2a(r)− ν′(r) − 4
r
)
r2ν′(r)
+r2
(
− 2a′(r) + 4g′(r)− ν′′(r) + 8
r
g(r) − 4
r
a(r)
)
−2 + 2e−ν(r)
]
×
[(
ν′(r) + 2a(r)
)
r4ν′(r)
+r4
(
− 4g′(r) + ν′′(r) + 2a′(r) + 8g(r)a(r) − 4
r
a(r)
)
+r2
(
− 4h(r)k(r) − 2 + 2e−ν(r)
)
− 2k(r)2
]}
= 0 (20)
a0
[(
ν′(r) +
2
r
)
ν′(r) + ν′′(r)
]
− b
3
eν(r)
[(
4g(r)− 2a(r)− ν′(r) − 4
r
)
ν′(r) − 2a′(r)
+4g′(r) − ν′′(r) + 8
r
g(r)− 4
r
a(r) − 2
r2
(1 − e−ν(r))
]
4×
[g(r)
r
− 1
2r2
(
1− e−ν(r)
)
+
1
2
ν′(r)
(
a(r) +
1
2
ν′(r)
)
+
1
2
a′(r) +
1
4
ν′′(r)
]
= 0 (21)
Where a prime denotes differentiation with respect to
r. After solving the differential equations analytically,
we can obtain the solution for 5 unknown functions ν(r),
a(r), g(r), h(r) and k(r). However equations (18) and
(20) are not independent of each other. This leads to a
dependent solution for torsion functions h(r) and k(r).
Torsion solutions of the system are presented in the ap-
pendix. The solution for the metric function ν(r) is
ν(r) = ln
(
1− c1
r
+
c2
r2
)
(22)
Substituting this relation in (15), we get the equivalent
to the Schwarzschild metric in PGT. For positive values
of constant c2, this is similar to the Reissner-Nordstrom
solution in general relativity. This result is consistent
with the results of reference [26]. It should be noted that
our solutions are obtained for general values of coupling
constants a0, a1 and b. The solutions have 3 constants
of integration c1, c2 and c3 (The constant c3 appears in
the solutions for torsion functions given in the appendix).
For interpreting these constants, we consider a limiting
case of the differential equations (17-21) when all compo-
nents of the torsion tensor are set to zero. If we consider
this particular case, a(r) = h(r) = g(r) = k(r) = 0, then
equation (19) becomes trivial and we have a set of dif-
ferential equations just in ν(r). By solving equation (17)
for ν(r) in this case, we obtain the following form
ν(r) = ln
(
1− c4
r
+
c5
r2
− c6r
2
12
)
(23)
But this solution must satisfy all other equations. Sub-
stituting (23) in equations (18), (20) and (21) , and solv-
ing for the contstants c4, c5 and c6, gives c5 = c6 = 0. In
this case, as one can see, the Schwarzschild metric of GR
will be recovered from (23). Combining these results, we
find that the constant c1 is related to the mass of the
black hole. Also constants c2 and c3 should be related
to the spin effects which induce torsion in the spacetime.
From now on we write the solution (22) for ν(r) as
ν(r) = ln
(
1− 2m
r
+
S
r2
)
(24)
In which m and S are some charges related to field
strengths of curvature and torsion, respectively. The
black hole metric (15) then will be
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + r2 sin2(θ)dφ2 (25)
f(r) = 1− 2m
r
+
S
r2
(26)
The roots of f(r) are black hole horizons
R± = m±
√
m2 − S (27)
with the following condition
m2 ≥ S (28)
R+ is outer horizon and can be interpreted as the
Schwarzschild radius of the black hole. From now on
we rename R+ as R. For the positive values of S, we
have RPGT < RGR while for negative values of S, the
opposite is true i.e. RPGT > RGR. As expected, in the
limiting case of S = 0, the Schwarzschild radius is equal
in Poincare´ gauge theory and general relativity .
IV. EFFECTIVE POTENTIAL AND ORBITS
FOR A BLACK HOLE WITH TORSION
For the line element (25), there exist two killing vectors
ξ associated with energy E and the angular momentum
L per unit mass which are conserved quantities of motion
along the geodesics
ξµ =
(
− (1− 2m
r
+
S
r2
), 0, 0, 0
)
(29)
ξµ =
(
0, 0, 0, r2 sin2(θ)
)
(30)
In equatorial plane θ = pi2 the line element is simplified
as follows
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dφ2 (31)
We also have for E and L
E = −Pt = −gttP t = f(r) dt
dλ
→ dt
dλ
=
E
f(r)
(32)
L = Pφ = gφφP
φ = r2
dφ
dλ
→ dφ
dλ
=
L
r2
(33)
Where P is energy-momentum 4-vector and λ is an
affine parameter.
With substituting relations (32) and (33) in line ele-
ment (31) and some straightforward calculations we ob-
tain relation as follows
k = (
ds
dλ
)
2
= − E
2
f(r)
+
1
f(r)
(
dr
dλ
)
2
+
L2
r2
(34)
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FIG. 1: Behavior of effective potential of equation (36) for photons (k = 0): The left figure shows the effective potential for
different values of orbital angular momentum per unit mass L with constant S = 0.7 and m = 1. The right figure shows the
same effective potential for different values of S with constant L = 1 and m = 1.
.
where k is equal to −1 , +1 and 0 for timelike, spacelike
and null geodesics, respectively. Equation (34) can be
written as
( dr
dλ
)2
= E2 −
(
1− 2m
r
+
S
r2
)(
− k + L
2
r2
)
(35)
From the above relation, we define the effective poten-
tial as follows
Veff (r) =
(
1− 2m
r
+
S
r2
)(
− k + L
2
r2
)
(36)
The position of the orbits for the effective potential is
given by the condition
dVeff
dr
∣∣∣
rc
= 0 (37)
The orbits are stable if
d2Veff
dr2
∣∣∣
rc
> 0 (38)
The quantities m and L2 in (36) are positive, however
S could be positive, negative or zero. We will examine
orbits of particles for different values of S and compare
the result to the orbits in general relativity (S = 0). For
photons (k = 0), we have
dVeff
dr
= −2L
2
r3
+
6mL2
r4
− 4SL
2
r5
(39)
Using equation (39), we get the following solution for
the position of circular orbits around a black hole
dVeff
dr
∣∣∣
rc
= 0 −→ rc± = 3
2
m± 1
2
√
9m2 − 8S (40)
This result is independent of L. We now look for the
stability of these two orbits. For the rc+ we have
d2Veff
dr2
∣∣∣
rc+
= −64
L2
(
3m
√
9m2 − 8S + 9m2 − 8S
)
(
3m+
√
9m2 − 8S
)6
(41)
The condition (28) ensures that 9m2−8S in the above
equation will always be positive or zero; as m and L2 are
also positive or zero,
d2Veff
dr2
∣∣∣
rc+
will always be negative
or zero in this case and as a result we conclude that the
orbit given by rc+ is not stable. For the rc− orbit we
have
d2Veff
dr2
∣∣∣
rc−
= 64
L2
(
3m
√
9m2 − 8S − 9m2 + 8S
)
(
− 3m+√9m2 − 8S
)6
(42)
This orbit will be stable for S > 0 and unstable for
S < 0. In general, there are no stable orbits of photons
for negative S. For the limiting case of S = 0, we get
lim
S→0
rc− = 0 , lim
S→0
rc+ = 3m (43)
which is consistent with the GR case where there exist
a single unstable orbit at r = 3m for photons. Figure
(1) shows the effective potential of equation (36). One
6can see that the depth of the effective potential well in-
creases with increasing orbital angular momentum L but
decreases with increasing S. For positive S there exist
one stable orbit at r = rc− (minimum of the potential)
and one unstable one at r = rc+ . There are no stable
orbits for negative S as can be seen from the right figure.
For massive particles. k = −1, we have
dVeff
dr
=
2m
r2
− 2(S + L
2)
r3
+
6mL2
r4
− 4SL
2
r5
(44)
In this case, equation (37) can be written as
mrc
3 − (L2 + S) rc2 + 3mL2rc − 2SL2 = 0 (45)
In the limiting case of S = 0, we have
rc
(
mr2c − L2rc + 3mL2
)
= 0 (46)
which gives the solutions as rc = 0 and
rc± =
L2
2m
(
1±
√
1− 12m
2
L2
)
(47)
Using the stability condition (38), we find that the rc+
orbit is always stable while rc− orbit is always unstable.
In the case of L2 = 12m2 these two orbits will coincide
at rc = 6m.
For general values of S, equation (45) has three solu-
tions given by
rc1 =
1
3m
(
L2 + S +
α
2
+
2β
α
)
(48)
rc2,3 =
1
3m
(
L2 + S − α
4
− β
α
)
± i
√
3
6m
(α
2
− 2β
α
)
(49)
where
α =
[
4L2
(
2L4 − 27m2(L2 − S) + 6S(L2 + S)
)
+ 8S3
+12
√
3mL
(
L4(108m4 − 126m2S + 24S2)
+L6(8S − 9m2) + L2S2(24S − 9m2) + 8S4
) 1
2
] 1
3
β = L2(L2 − 9m2 + 2S) + S2
In order to determine the sign of the above solutions,
we employ the Cardano method for solving cubic equa-
tions. Using the following change of parameter
rc = x+
L2 + S
3m
(50)
equation (45) can be rewritten as
x3 + px+ q = 0 (51)
where
p =
L2(9m2 − L2 − 2S)− S2
3m2
(52)
q =
L2(27m2L2 − 2L4 − 6L2S − 27m2S − 6S2) + 2S3
27m3
(53)
To determine whether the solutions are real or complex
and also the sign of the solutions, we define
∆ =
(p
3
)3
+
(q
2
)2
(54)
Then, if ∆ > 0, there exist a single real solution to
equation (51). In the case of ∆ < 0 there are three real
solutions. Finally if ∆ = 0, there are three real solutions,
two of which coincide.
Substituting (52) and (53) in (54), we get for the case
S = 0
∆ = − L
6
12m2
[
L2 − 12m2
]
(55)
The sign of ∆ in (55) depends on the sign of the
term inside the brackets. Interestingly this term is
what determines the existence and stability of solutions
in genera relativity, as obvious from equation (47).
Motivating by this, we analyze the solutions of equation
(45) for general S in three different cases:
• Case 1: For L2 < 12m2 there exist a single stable
orbit for S > 0 (Figure (2)). The radius of this orbit
increases with increasing S. There can be no orbits for
S < 0, as one can see in the right figure.
• Case 2: For L2 > 12m2, there exist two stable
orbits and one unstable orbit for S > 0 (Figure (3)).
For S < 0 there exist one stable and one unstable orbit.
The radius of stable orbits increase with increasing S
for all values of S. The opposite is true for unstable
orbits. These stable orbits and their behaviors can also
be seen in figure (4) for different values of S. This figure
shows that the radius of second stable orbit increases
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FIG. 2: Behavior of effective potential of equation (36) for massive particles (k = −1), case 1, L2 < 12m2: The left figure shows
the effective potential for different values of orbital angular momentum per unit mass L with constant S = 0.7 and m = 1. The
right figure shows the same effective potential for different values of S with constant L = 1 and m = 1.
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with increasing L.
• Case 3: For L2 = 12m2, there exist two stable orbits
and one unstable orbit for S > 0. There are no orbits for
S < 0. The behavior of orbits is the same as the case 2.
It is also interesting to examine the case of particles
with zero orbital angular momentum per unit mass, L =
0. In this case we have
lim
L→0
rc1 =
S
m
(56)
and the other solutions vanish in this limit. The sta-
bility condition takes the form
lim
L→0
(d2Veff
dr2
|rc1
)
=
2m4
S3
(57)
which is always greater than zero for S > 0. This is an
interesting result, as in GR there are no orbits for L = 0.
As a consequence, the stable orbit for S > 0 given by
(49) for spacetime with torsion, is a result of the inter-
action between the spin of particle and the background
spacetime.
80 2 4 6 8 10
-500
-400
-300
-200
-100
0
V e
ff (
r)
r
 S=0.9
 S=0.7
 S=0.5
90 92 94 96 98 100 102 104
0.98970
0.98975
0.98980
0.98985
0.98990
0.98995
V e
ff (
r)
r
 S=0.9
 S=0.5
 S=0
 S=-0.5
 S=-0.9
FIG. 4: Behavior of effective potential of equation (36) for massive particles (k = −1), case 2, L2 > 12m2: The left figure
shows the effective potential for different values of S with constant L = 10 and m = 1. The right figure shows different part of
the same potential
V. BLACK HOLE THERMODYNAMICS WITH
TORSION
We now turn our attention to black hole thermody-
namics in the presence of torsion. We begin with the
definition of the surface gravity
κ =
1
2
f ′(R) (58)
where f(r) and the horizon radius R now are given
by equations (26) and (27) respectively. Using (26) and
(58), we get
κ =
√
m2 − S
(m+
√
m2 − S)2 (59)
In the GR limit, S = 0, this equation takes the form
lim
S→0
√
m2 − S
(m+
√
m2 − S)2 =
1
4m
= κGR (60)
One can see that in the appropriate limit, the surface
gravity approaches its GR value. In order to obtain the
first law of black hole thermodynamics in the presence of
torsion, we consider a black hole with parameters m and
S and assume that the black hole undergoes a change in
the parameters by a quasi-static process to new param-
eter values m+ δm and S + δS. The surface area of the
horizon, A = 4πR2 is a function of the parametersm and
S by the virtue of equation (27).
A = 4 π
(
m+
√
m2 − S
)2
(61)
A change in this parameters gives
δA =
∂A
∂m
δm+
∂A
∂S
δS (62)
Combining the last two equations we get
δA =
8 π
(
m+
√
m2 − S)2√
m2 − S δm−
4π
(
m+
√
m2 − S)√
m2 − S δS
(63)
A simple algebra gives
δm =
√
m2 − S
2π(m+
√
m2 − S)2
δA
4
+
δS
2(m+
√
m2 − S) (64)
We define the temperature T and entropy Σ of the
black hole in the presence of torsion by
T =
√
m2 − S
2π(m+
√
m2 − S)2 , Σ = π
(
m+
√
m2 − S
)2
(65)
If we compare equation (64) with the general law of
black hole thermodynamics
δm =
1
8π
κδA+ΩδJ +ΦδQ (66)
we can see that the first term in the right-hand-side of
equation (64) corresponds to the TdΣ term in the first
law of classical thermodynamics and also to the 18piκδA
term in equation (66). For a static black hole, the second
term in (66) vanishes. Also if we define torsion ’charge’
and ’potential’ as
9QTorsion = S , ΦTorsion =
1
2(m+
√
m2 − S) (67)
we can interpret the second term in the right-hand-side
of equation (64) as the ΦδQ term in (66). This definition
of the torsion potential is also consistent with (27).
VI. CONCLUSION
In this paper, we study static spherically symmetric
solutions to the field equations in the Poincare´ gauge the-
ory of gravity. The effects of torsion appear as a single
parameter in the line element. For the positive values
of this parameter, the resulting line element is found to
be of the Reissner-Nordstrom type and has two distinct
horizons. This result is in agreement with the results
of [26]. The effects of torsion appear as a sort of torsion
’charge’ related to the spin of matter. We also study par-
ticle orbits around a black hole in this geometry for both
massless and massive particles. For massless particles,
there exist one stable orbit at r = rc− and one unstable
one at r = rc+ , where r = rc± are given by equation (40).
There are no stable orbits for negative S. For massive
particles, there exist one stable orbit for S > 0 and no
orbit for S < 0 in the case L2 < 12m2. For the case
L2 > 12m2, there exist two stable orbits and one unsta-
ble orbit for S > 0. Also, there is one stable and one
unstable orbit for S < 0. The case L2 = 12m2 is the
same as S > 0 for the case L2 > 12m2. There is no orbit
for S < 0. Remarkably for massive particles, there also
exist a stable orbit even when orbital angular momentum
per unit mass L is set to zero. This suggests that this or-
bit is a result of the interaction between spin of particles
with the torsion of the background geometry. Finally,
we derive the first law of black hole thermodynamics by
defining the temperature and entropy of a black hole with
torsion in terms of its mass and torsion charge.
VII. APPENDIX
In this appendix we present the full solutions to the
torsion function in the system of equations given by (17-
21).
a(r) =
(1− c1
r
+ c2
r2
)−1
2r2
(
c1(r
3 − 1) − 2a0r
c1b
(1− c2
r2
)
+2r(1 + 2c3)− 2c2 (1− 1
r
)
)
(68)
g(r) =
(1− c1
r
+ c2
r2
)
−1
4r2
(
− c1(r3 + 2)− 2a0r
c1b
(1 − c2
r2
)
+2r(1 + 2c3)− 2c2(2− 1
r
)
)
(69)
h(r)
[
r3 + c1r(c1 − 2r) + c2
(
2r(c2 − c1) + c2
)]
=
{
2k(r)
2
(c1br)
2
[
r2 + c1(c1 − 2r) + (c2
r
)
2
+ 2c2(1 − c1
r
)
]
+2r(c1br)
2
[
c1c2r(r
3 − r2 − 2) + c12r4(1 + r
3
2
)
+2c2(c2(1− 2r) + r2(1 + 2c3))− 4c3r3(1 + 2c3)
]
+4c1a0br
3
[
c2
(
c1 + c2(3− 1
r
− 2r(1 + 2c3)− 3r2) + r3
)]
+4a0
2r2
(
c2(2r
2− c2)− r4
)}
×
(
− 1
4rk(r)(c1br)
2
)
(70)
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